In this paper, we examine interwell tunneling between a pair of fractional quantum Hall liquids in a double quantum well system in a tilted magnetic 
I. INTRODUCTION
Traditionally experimental studies of the quantum Hall effect have been restricted to magnetotransport, surface acoustic wave, and capacitance spectroscopy studies. However during the last several years new spectroscopic techniques have been developed. These techniques include photoluminescence, inelastic light scattering 1, 2 , and tunneling spectroscopy 3, 4 .
The latter has just begun to be used to investigate the tunneling spectra between a pair of weakly coupled two-dimensional electron liquids 5, 6, 3 and between a two-dimensional liquid and a three dimensional doped substrate 4 . This paper will be primarily concerned with tunneling between a pair of parallel quantum is clear that a detailed theoretical understanding of inter-well tunneling in the high field regime would be desirable.
To date, the theory of inter-well tunneling in the high field regime has focussed on dynamical issues like the size and origin of the pseudo-gap 7, 8 . For instance, Johannson and Kinaret 7 found a tunneling pseudogap in the non-linear I-V characteristic using a Wigner crystal model. Above the pseudo-gap, they find a featureless band similar to that found in the experiment. In addition to this work, there are a number of exact diagonalization calculations of the single electron spectral functions 8, 9 which may be used to calculate the tunneling conductance. Because of finite size effects, the diagonalization calculations do not obtain continuous I-V curves. Nevertheless, these calculations and the Wigner crystal model all seem to obtain a peak in the tunnel current at a voltage which is consistent with experiment. In addition Yang and MacDonald 10 have calculated the tunneling density of states of a disordered 2D electron gas in a strong magnetic field. They find a suppression of the tunneling conductance at small voltages but no pseudogap. He, Platzman, and Halperin 8 also find pseudo-gap behavior in a pair of ν = 1/2 Halperin Lee Read 11 Fermi liquids. Finally, Efros and Pikus 12 have studied a lattice-gas model of a classical electron liquid using a Monte-Carlo methods.
In contrast to those references 7-10 which focus on dynamical issues, this paper will focus on features of the equilibrium interwell correlations which may be extracted from the tunneling conductance. We will argue that a significant understanding of static correlations may be achieved by studying the tilt angle dependence of a few spectral moments extracted from experiments using a tilted field geometry. The case for this will be made through an examination of tunneling spectral moments obtained from a variational Monte Carlo (vMC)
calculation. The vMC method described here, we feel, gives results which are complementary to those obtained from exact diagonalization and independent boson model calculations. Of course the vMC method does suffer from certain limitations. Most notably vMC requires the use of reasonably manageable wavefunctions. This requirement will restrict our investigations to the simplest incompressible states which can occur in double well systems. One might be concerned that a comparison of these results with the experimental data would be meaningless since the data is restricted to compressible states whose filling fraction ranges from .48 to .83 per layer. We would argue however that this is not a serious problem for two reasons: First, the experimental data of Eisenstein et al 3 is found to be rather insensitive to the filling fraction. Secondly, the results reported below involve the first few spectral moments which we will argue are primarily sensitive to short range interwell correlations and are less sensitive to to slight changes in filling fraction.
The need to work with simple trial wavefunctions gives rise to a second problem which we will now describe: Consider the tunneling between a pair of ν = 1/3 states. A question one might like to ask is what sort of inter-well correlations will be induced and how might one detect them in a tunneling experiment. The difficulty which is encountered is that the wavefunction which includes the correlations is not simply the product of two ν = 1/3
Laughlin wavefunction, it is some perturbation of the product wavefunction. Unfortunately, identifying the form of the perturbed wavefunction and using it in a calculation would add significantly to the complexity of the discussion. To avoid this problem we proceed as follows: Consider, therefore, the device shown in fig. 1 on which a tilted magnetic field B = (B , 0, B ⊥ ) is applied. We will model the double well system using the Hamiltonian H = H 0 + H t where H 0 is defined to be
where
is the tunneling term. The electronelectron interaction is taken to be V ↑↑ (r) = V ↓↓ (r) = e 2 /ǫr and V ↑↓ (r) = e 2 /ǫ(r
where d is the interwell spacing and ǫ is the dielectric constant.
Our discussions will focus on pairs of ν = 1/m states (also denoted [mm0]), and the 
and where σ is a pseudospin index which labels the two wells. For simplicity, we will assume that the actual electron spin is frozen out by the magnetic field. The [mmn] wavefunction describes an incompressible state with a total filling factor ν = ν ↑ +ν ↓ = 2πl
where n 0 is the total electron density on the two layers and where
As a function of the voltage bias V , between the two wells, we wish to calculate the inter-well tunneling current I t . To do this we first define the tunneling operator
Expanded in powers of t 0 , the tunneling current is
In eqn. 5, the first term would describe a Josephson effect, if such exists, the second term describes incoherent tunneling. In the following discussion, we will only consider unpolarized states m = n where the first term in eqn. 5 vanishes. In this case, no Josephson effect effect will occur. (We refer the reader to appendix B for a more detailed discussion regarding the absence of a Josephson effect.)
Now using variational Monte Carlo, we will calculate various spectral moments of the form
The
where the pseudospin correlation function is defined by
whereS + (q) is the Fourier transform of the interwell tunneling operator, c
where the oscillator strength is
and where N is the total number of electrons in either well. Results for W 1 (B ), will be presented in terms of < eV > the mean voltage bias which is defined by < eV >≡
. This expression is exact to the extent that the |mmn > wavefunction is the exact ground state. < eV > may be written in the more explicit form
This expression is, of course, the basis of the single mode approximation. 18 We do not, however, refer to the variational Monte Carlo calculation as a single mode approximation since it does not assume a single collective mode.
The oscillator strength f ++ (q) may be calculated using the following expression:
where the various quantities will be defined as follows: S αβ (q) is a structure factor matrix
and b(q, k) and a αβ (k, q) are
and
This expression is obtained from the definition [equation (9)] using manipulations of the sort described in reference 18.
The structure factor matrix is been calculated for the 
II. MONTE CARLO CALCULATION OF THE PSEUDO-SPIN CORRELATOR
This section describes the calculation of S ++ (k) using the variational Monte Carlo method. To do this we first introduce the pair spin correlation function:
where S i ± (r) denotes the spin of the i-th electron projected to the lowest Landau level, i.e. S 
In equation (16) Ω denotes the total area of the two dimensional electron gas, and x σ is the fraction of electrons on the σ well.
Using the explicit form of Ψ mmn and assuming balanced quantum wells, i.e. N ↑ = N ↓ , one can write the pair spin correlation function in the form
where the weight factor
and where < (...) > N denotes
The origin of the factor (18) The expectation on the right hand side of equation (18) may be obtained from a simulation of a pair of mobile impurities in a two component background plasma. To do this we rewrite the equation as
Next, we split A z 1 z 2 [z i ] into its modulus and a part with modulus 1:
Then, using importance sampling, we absorb the second factor in equation (22) 
The interaction strength Q ij between a pair of background ions is 2m(σ i , σ j ). For an impurity and a background ion Q 1i = Q 2i = m + n. Between the two impurities Q 12 = 2n.
During the simulation we calculate the pair spin correlation function using
where the new notation is defined as follows:
where i = 1, 2 labels the impurity ions and k labels the sampled configurations. The prime indicates that only configurations where the impurity ions lie in a circle of radius R * centered at the origin are to be included. B ++ (r n ) is a bin counter which keep track of the contribution to the sum of A z 1 z 2 [z i (k)] associated with impurity pairs with separation z 1 − z 2 such that n∆ < |z 1 − z 2 | < (n + 1)∆ where ∆ is the bin width. More precisely, B ++ (r n ) is defined by
where z i (k) denotes the position of the i-th ion in the k-th sampled Monte Carlo cycle.
We used the Metropolis algorithm to calculate B ++ (r n ). During each cycle, we attempt as many Monte Carlo moves as there are particles. We began our simulation with an initial equilibration period of 10 3 cycles. During this equilibration period, the ion step size was adjusted until an average acceptance ratio of 0.5 was reached. The step size was kept fixed after the equilibration period. We then ran for another 2 × 10 6 cycles, sampling one out of every ten cycles. This gave a total of N M C = 2 × 10 5 . Usually in simulations of this sort, one counts only those pairs where one of the impurities lies in a circle of radius R * . In this way one can reduce finite size corrections to the pair spin correlation function. 21 Various choices for R * , system sizes, run lengths were tried. Ultimately, we concluded that R * → ∞ 
This is obtained by Wick factorizing the left hand side into products of the single particle matrix. Such a manipulation is exact in the absence of interwell correlations. One then uses this result together with eqn. 17 to find that
This result is the solid line through the [330] data presented in fig. 2 Instead of working directly with the numerical g ++ (r), it is convenient to work with an analytic fit. A convenient choice to fit g ++ (r) is
To within the accuracy of the Monte Carlo data, one can fit g ++ (r) from the simulation Having obtained the analytic fit for g ++ (r), we insert this into equation (17) 
W nc is also plotted in fig. 3 . The results for W 0 (B ) will be discussed in detail in the next section.
III. IN-PLANE FIELD DEPENDENCE OF THE TUNNELING SPECTRUM
In figure 3 , we present the integrated spectral weight W 0 (B ) which was obtained from the Monte Carlo procedure described in the previous section. We observe that interwell which is defined by Next we wish to consider < eV >. To calculate < eV > we first evaluate f ++ (q) using eqn. 11 and then we use eqn. 10 to obtain < eV >. The first thing that one notices in fig. 8 is the strong dependence of < eV > on the layer spacing: As d → 0, < eV > collapses when B = 0. The reason for this is simple. We argue that the ratio R = W 0 (B )/W nc (B ) provides a qualitative method for imaging the correlation hole in g ↑↓ (d * ). We have also studied the behavior of < eV >= W 1 /W 0 . The results presented in fig. 8 show that the mean of the intra-Landau level spectrum will rapidly increase as d * = dB /B ⊥ moves through the first configuration shell. Finally, arguments
presented in appendix B demonstrate that no Josephson effect of the sort proposed by Wen and Zee can occur if m = n. 
APPENDIX: A. DERIVATION OF PAIR SPIN CORRELATION FUNCTION
In this appendix, we will derive the explicit form of the pair spin correlation function,
i.e. equation (18) from its definition given in eqn. 16. To recast eqn. 16 into the desired form, we will need the identity
where ∆ j = m(↓, σ j )−m(↑, σ j ) and where Π ′ j means to omit the j = i factor. The systematic derivation which gives the above result is straightforward but will not be given, since a few minutes reflection should convince the reader that the above expression is correct. In particular, the Jastrow factor on the left side of equation (A1) has already been discussed, so one only needs to consider the factor ρ i ↑ (z). This factor ensures that the state on the right hand side has the i-th particle located in the top well at position z which, of course,
Using this identity one then obtains
In the above expression, one may replace ρ n σ with ρ n σ for n = 1, 2. Then, after some straighforward manipulations of equation (A2), one may write g ++ (r) in the form
where 
where Λ is the (arbitrarily chosen) thermal wavelength of the analog plasma. Using this expression one can write the ratio of configuration integrals which appears in equation (A3) as
This is valid assuming that N σ >> 1.
Next we insert the configuration integral ratio into equation (A3) to get the general expression for the pair spin correlation function:
This is valid even if the wells are out of balance. For problems in which the wells are in balance, µ ↑ = µ ↓ and the above expression simplifies to equation (18) . 
where a(N ↑ , N ↓ ) is peaked about < N ↑ > and < N ↓ > whose width obeys N α >> ∆N α >> 1.
The tunneling Hamiltonian is
Because of the rotational invariance of H t , t J = 0 unless m = n. Several comments should be made about the above argument. The first is that one may readily include disorder into the argument. For example, suppose that the interwell tunneling t(z) is a random function of z which fluctuates about a mean value < t(z) > and which is autocorrelated on some distance scale ξ. In this case a tunnelling event can change L z by an amount of order R/ξ where R is the radius of the electron droplet. So the no-Josephson argument fails if
An alternative way of writing this is to note that N α = πR 2 α n α and that the difference in k F of the electrons in the two edge channels is ∆k
The interpretation of this result is simple, all the tunnelling which occurs between the two wells for small voltage bias (i.e. eV < 2∆ 1 ) occurs at the edges. Moreover, because of the requirement of momentum conservation, interedge tunneling can only occur because of disorder effects or because the external field is tilted. 
